We prove that the finite exceptional groups F 4 (q), E 7 (q) ad , and E 8 (q) have no irreducible complex characters with Frobenius-Schur indicator −1, and we list exactly which irreducible characters of these groups are not real-valued. We also give a complete list of complex irreducible characters of the Ree groups 2 F 4 (q 2 ) which are not real-valued, and we show the only character of this group which has Frobenius-Schur indicator −1 is the cuspidal unipotent character χ 21 found by M. Geck.
Introduction
Given a finite group G and its table of complex irreducible characters, it is a natural question to ask the value of the Frobenius-Schur indicator of each irreducible character of G. That is, we may ask whether each character is real-valued, and if it is, whether it is afforded by a representation which is defined over the real numbers. The Frobenius-Schur indicator is given, for example, in each character table in the Atlas of finite groups [7] . If we have the full character table of G, and we know the square of each conjugacy class of G, then the Frobenius-Schur indicator may be computed directly from its character formula. Without directly applying the formula, we could also identify which characters of G are not real-valued from its character table, and if we have proven that certain irreducible characters of G have indicator equal to −1, we can check if these are the only such characters by counting the involutions in G and using the Frobenius-Schur involution count. We do exactly this for many finite exceptional groups. In some cases where the generic character table is not known (for example, E 8 (q)), we use results from the character theory of finite reductive groups to identify precisely those irreducible characters which are not real-valued, and so we obtain complete results for the Frobenius-Schur indicators for the characters of these groups.
After preliminary notions and results in Section 2, we give examples of this method for some small-rank exceptional groups in Section 3, namely for the groups 3 D 4 (q), 2 B 2 (q 2 ), 2 G 2 (q 2 ), and G 2 (q). We confirm some known results on the Frobenius-Schur indicators in these groups, which are all 1 or 0 in these cases. We also discuss two related problems for these groups in Section 3. First is the computation of the Schur index of the irreducible characters of a group; the index is conjectured to be at most 2 for any finite quasisimple group (see Section 2.1), and is known to be 1 for every irreducible character of the exceptional groups just listed. The second related problem is the determination of the strongly real classes of a group, which are the real classes which can be inverted by an involution. It is known that every real class is strongly real for each of the above finite exceptional groups, except for G 2 (q) when q is a power of 2 or 3. In Proposition 3.1, we confirm this statement for those remaining cases by using the known generic character table of G 2 (q).
In Section 4, we study the exceptional groups F 4 (q) and 2 F 4 (q 2 ). While the full generic character table of F 4 (q) is not yet fully known, the fields of character values and the Schur indices of unipotent characters of F 4 (q) (and all other exceptional groups) have been determined by Geck [18, 19, 20] . It turns out that the only characters of F 4 (q) which are not real-valued are unipotent, and we show that the other characters all have Frobenius-Schur indicator 1 in Theorem 4.1. As a corollary, we check that the Schur index of every character of F 4 (q) is at most 2 in Corollary 4.1. The generic character table of 2 F 4 (q 2 ) can be accessed in the package CHEVIE [21] , and much of its character table is available in the literature [25, 33] . With this information, and the work of Geck on unipotent characters, we compute the Frobenius-Schur indicators for the characters of 2 F 4 (q 2 ) in Theorem 4.2. In particular we show that the only character of this group which has indicator equal to −1 is the cuspidal unipotent character found by Geck [18] .
We develop some results in Section 5 on the character theory of finite reductive groups which are applied to extend our method to some exceptional groups of larger rank in Section 6. Lemma 5.1 gives some conditions on arbitrary connected reductive groups over finite fields to ensure all unipotent characters are invariant under any rational outer automorphism. We combine this with a previous result on the Jordan decomposition of real-valued characters of certain finite reductive groups [43] to give manageable conditions for an irreducible character to be real-valued in Lemma 5.2. These results, along with the work of Geck on unipotent characters and computations of Lübeck [28, 29] allow us to compute the Frobenius-Schur indicators of all irreducible characters of E 7 (q) ad and E 8 (q) in Theorems 6.1 and 6.2. In particular, all realvalued characters of these groups have indicator 1, and a list of all characters of these groups which are not real-valued is given, along with their character degrees, in Tables A. 4 and A. 5 .
In Section 7, we discuss the remaining cases and what results and information are needed in order to complete the computations of Frobenius-Schur indicators for these finite exceptional groups. Finally, all tables of the results from the computations made are given in the Appendix. equation [26, Corollary 4.6] 
Every g ∈ G such that g 2 = 1 is an involution of G, where we include the identity as an involution for convenience. Note that from (2.1), since ε(χ) ≤ 1 for each χ ∈ Irr(G), the sum of the degrees of the real-valued characters χ ∈ Irr(G) is always at least the number of involutions, and there is equality precisely when ε(χ) = 1 for all real-valued χ ∈ Irr(G). This observation is the main strategy in computing Frobenius-Schur indicators in this paper. If K is a subfield of C, and χ ∈ Irr(G), then let K(χ) denote the smallest field containing K and all of the values of χ. The Schur index of χ over K, which we denote by m K (χ), is the smallest positive integer m such that mχ is afforded by a representation defined over K(χ) (see [26, Corollary 10.2] ). In particular, if K = R then m R (χ) = 1 when ε(χ) = 1 or ε(χ) = 0, and m R (χ) = 2 when ε(χ) = −1. For the case K = Q, it has been conjectured that if G is a quasisimple group, then m Q (χ) ≤ 2 for all χ ∈ Irr(G), while it is known that in general m Q (χ) might be arbitrarily large for other finite groups, see [48] for example. A relevant result relating this conjecture to our results in this paper is the Brauer-Speiser Theorem (see [26, p. 171] ), which states that if χ ∈ Irr(G) and χ is real-valued, then m Q (χ) ≤ 2.
Exceptional groups
Here we recall basic facts about finite exceptional groups and finite simple groups of exceptional type. Let p be a prime, F p a finite field with p elements and F p a fixed algebraic closure. Let G be a connected reductive group over F p , and let F be a Steinberg map of G. We consider the exceptional groups to be the groups of the form G F with G a simple algebraic group, and either the isogeny type of G is one of G 2 , F 4 , E 6 , E 7 , E 8 , or G F is either a Steinberg triality group 3 D 4 (q) with q an integer power of p, or a Suzuki group of the form 2 B 2 (q 2 ) where q 2 = 2 2m+1 and p = 2. In the former case, G F can be one of the groups (see [4, Section 1.19 
with q an integer power of p, or a Ree group of the form 2 G 2 (q 2 ) with q 2 = 3 2m+1 and p = 3, or 2 F 4 (q 2 ) with q 2 = 2 2m+1 and p = 2. We recall that the groups G 2 (q) (unless q = 2), F 4 (q), and E 8 (q) are finite simple groups, with the associated algebraic group G having trivial (and so connected) center over F p . The derived subgroup, G 2 (2) ′ , of G 2 (2) is simple, and is isomorphic to PSU(3, 3). The groups 3 D 4 (q), 2 B 2 (q 2 ), and 2 G 2 (q 2 ) are finite simple groups, and 2 F 4 (q 2 ) is a finite simple group unless q 2 = 2, in which case the derived subgroup 2 F 4 (2) ′ of index 2, or the Tits group, is a finite simple group. The simple algebraic groups of adjoint type have trivial (and so connected) center, but the groups of simply connected type do not in general. If q ≡ 1(mod 3), then E 6 (q) ad = E 6 (q) sc = E 6 (q) is a finite simple group, and otherwise E 6 (q) ad has the finite simple group E 6 (q) as an index 3 subgroup, and E 6 (q) sc has an order 3 center Z and E 6 (q) sc /Z is isomorphic to the finite simple group E 6 (q). If q ≡ −1(mod 3), then 2 E 6 (q) ad = 2 E 6 (q) sc = 2 E 6 (q) is a finite simple group, and otherwise 2 E 6 (q) ad has the finite simple group 2 E 6 (q) has an index 3 subgroup, and 2 E 6 (q) sc has an order 3 center Z with quotient 2 E 6 (q) sc /Z isomorphic to the finite simple group 2 E 6 (q). Finally, if q is even then E 7 (q) ad = E 7 (q) sc = E 7 (q) is a finite simple group, while if q is odd then E 7 (q) ad has as an index 2 subgroup the finite simple group E 7 (q), and E 7 (q) sc has an order 2 center Z with quotient E 7 (q) sc /Z isomorphic to the finite simple group E 7 (q).
Jordan decomposition of characters
Let G be a connected reductive group overF p with Steinberg map F . If we take T to be a maximal F -stable torus of G, with θ an irreducible character of T F , then we denote by R G T (θ) the Deligne-Lusztig generalized character of G F defined by the G F -conjugacy class of pairs (T, θ) (see [4, Chapter 7] or [10, Chapter 11] ).
The unipotent characters of G F are exactly the irreducible characters ψ of G F such that ψ, R G T (1) = 0 for some F -stable maximal torus T of G, where 1 is the trivial character and ·, · denotes the standard inner product on class functions of a finite group. If G is a disconnected group with connected component G • , then the unipotent characters of G F are taken to be the irreducible constituents of Ind
where ψ varies over all unipotent characters of (G • ) F . Now let G * be some fixed dual group of G (with respect to some fixed Lie root data for G), with corresponding dual Steinberg map F * . By [10, Proposition 13.13] , there is a bijection between G * F * -conjugacy classes of pairs (T * , s) where T * is an F * -stable maximal torus of G * , and s ∈ T * F * is a semisimple element of G * F * , and G F -conjugacy classes of pairs (T, θ) where θ is an irreducible character of T F . Given a semisimple G * F * -conjugacy class (s), the rational Lusztig series E(G F , (s)) of G F is the collection of irreducible characters χ ∈ Irr(G F ) such that χ, R G F T F (θ) = 0 where the G F -class of the pair (T, θ) corresponds to the G * F * -class of the pair (T * , s) for some F * -stable maximal torus T * of G * F * . In particular, the collection of unipotent characters of G F is given by the Lusztig series E(G F , (1)), since the classes of pairs (T, 1) and (T * , 1) correspond when T and T * are dual tori.
For G a connected reductive group, given a semisimple class (s) of G * F * and some fixed element s from that class, a Jordan decomposition map is a bijection
for every χ ∈ E(G F , (s)), where C G * (s) is the centralizer, and T * is a maximal F * -stable torus such that s ∈ T * F * . Such a bijection was shown to always exist when Z(G) is connected by Lusztig [31] . While we do not explicitly need it in this paper, such a map also always exists when Z(G) is not connected, where if C G * (s) is disconnected we still let E(C G * (s) F * , (1)) denote its set of unipotent characters (see [10, Theorem 13.23] ). Using the maps J s , we may parameterize the irreducible characters of G F by G * F * -conjugacy classes of pairs (s, ψ) where ψ is a unipotent character of C G * (s) F * , where the class of the pair (s, ψ) corresponding to χ ∈ Irr(G F ) is called its Jordan decomposition. The most important property of the Jordan decomposition of characters that we will need is that if χ corresponds to the class of pairs (s, ψ), then the degree of the character χ is given by 
Examples and related results
In this section, we consider the Frobenius-Schur indicators of the characters of the groups
, and G 2 (q). While these results are known, we give these examples as motivation for the computational method used for other results in this paper, and to place the results in the context of other interesting questions.
The group 3 D 4 (q). When q is odd, Barry [2, Step 1] makes exactly the computation which we carry out for other examples. Namely, it is shown that when q is odd, the group has q 16 + q 12 + q 8 + 1 involutions, and that this matches the sum of the character degrees which can be obtained from [9, 
We may take the sum of the degrees of all other characters, by using the tables in [6, 12] for q odd and [14] for q even (or by using [29] ), and we find that this matches the number of involutions. Thus ε(χ) = 1 for each real-valued irreducible character χ of G 2 (q).
We mention other relevant results for the groups in the above examples. It is known that for every G above, every χ ∈ Irr(G) satisfies m Q (χ) = 1. This is proved for G = 2 B 2 (q 2 ) or 2 G 2 (q 2 ) by Gow [24, Theorem 9] , for G = 3 D 4 (q) by Barry when q is odd [2] and by Ohmori when q is even [38, Theorem 3] , and for G = G 2 (q) when q is odd by Ohmori [36] and when q is even by Enomoto and Ohmori [13] . In fact, these results on the Schur index imply that the Frobenius-Schur indicator is 1 for each irreducible real-valued character of each of these groups.
Recall that an element g of a finite group G is real if g is conjugate to g −1 in G, and that the number of conjugacy classes of real elements in G is equal to the number of real-valued characters in Irr(G). We may also ask whether every conjugacy class of real elements is necessarily strongly real for each of the groups G above, where an element (or conjugacy class) g of a group G is strongly real in G if there exists h ∈ G such that h 2 = 1 and
, it is proved by Vdovin and Gal ′ t [49, Theorem 1] that all classes of G are strongly real. Suzuki proved [45, Section 10] that all real classes of the groups 2 B 2 (q 2 ) are strongly real. For G = 2 G 2 (q 2 ), we invoke a result of Gow [23, Corollary 1] which says that if a finite group has an abelian Sylow 2-subgroup, then all of its real elements are strongly real if and only if all real-valued irreducible characters of the group have Frobenius-Schur indicator 1. The latter holds for these groups as discussed above, and the Sylow 2-subgroup is abelian by [39, Theorem 8.5] , and so all real classes are strongly real in 2 G 2 (q 2 ).
Singh and Thakur [42, Corollary A.1.6] proved that if q is not a power of 2 or 3, then all real elements of G 2 (q) are strongly real. We now address the remaining cases.
Proof. As just mentioned, Singh and Thakur prove this statement when q is not a power of 2 or 3. The generic character table for G 2 (q) when q is a power of 2 or 3 is in the package CHEVIE [21] . We may use the character table to prove the statement by using the following result (see [32, p. 125] ). If C 1 , C 2 , and C 3 are conjugacy classes of the finite group G, then the number n 123 of pairs (g 1 , g 2 ) such that g 1 ∈ C 1 , g 2 ∈ C 2 , and the product g 1 g 2 is equal to a fixed element g 3 ∈ C 3 is given by
These are the class multiplication coefficients, and we must show that for every real class C 3 of G 2 (q), there are classes C 1 and C 2 of involutions such that n 123 = 0. This is indeed the case for G 2 (q) with q a power of 2 or 3, and our results from the computation are given in Table A. 1.
4
The groups F 4 (q) and 2 F 4 (q 2 )
We now consider the finite exceptional group F 4 (q). We have the following result, where our notation for the cuspidal unipotent characters of F 4 (q) is that of Lusztig [31] .
Theorem 4.1. For every prime power q, the only irreducible characters of F 4 (q) which are not real-valued are the cuspidal unipotent characters
Proof. When q is odd, the number of involutions in F 4 (q) can be computed using [27] or [41] , and is given by
When q is even, the number of involutions in F 4 (q) may be computed using [40, Corollary 1] or [1, Section 13] , and is given by
The fact that the four listed cuspidal unipotent characters of F 4 (q) are not real-valued (independently of q) follows from Geck [18, Table 1 ], and the degrees of these characters can be found in the table of Lusztig [31, p. 372] . Taking the sum of all of the character degrees of F 4 (q) using the data in [29] , with the result listed in Table A .2, and subtracting the degrees of the unipotent characters which are not real-valued, we obtain precisely the numbers of involutions given above, whether q is even or odd. The result follows.
As mentioned in Section 2.1, it has been conjectured that if G is a quasisimple group, then m Q (χ) ≤ 2 for all χ ∈ Irr(G). As an application of Theorem 4.1 and previous work of Geck [18, 19] , we are able to conclude this statement indeed holds for the case that G = F 4 (q).
Corollary 4.1. For every prime power q, and every χ ∈ Irr(F 4 (q)), we have m Q (χ) ≤ 2.
Proof. It is proved by Geck in [18, 
, then m Q (χ) = 1. By Theorem 4.1, the rest of the irreducible characters of F 4 (q) are real-valued, and so the result now follows from the Brauer-Speiser Theorem.
In fact, it follows from the work of Geck [18, 19] that m Q (χ) = 1 for all unipotent characters χ of F 4 (q). We expect this stronger result to hold for all irreducible characters of F 4 (q). We also expect that all real classes of F 4 (q) are strongly real, which can be checked for the case F 4 (2) using GAP [17] as in the proof of Proposition 3.1.
We now consider the Ree groups 2 F 4 (q 2 ) with q 2 = 2 2m+1 . In the following, the notation for the unipotent characters of 2 F 4 (q 2 ) is taken from the paper of Malle [33] , and the notation for the non-unipotent characters is that used in the paper of Himstedt and Huang [25] .
Theorem 4.2. The only irreducible character of 2 F 4 (q 2 ) with Frobenius-Schur indicator −1 is the cuspidal unipotent character χ 21 . The only irreducible characters which are not real-valued are the unipotent characters χ 5 , χ 6 , χ 7 , χ 8 , χ 15 , χ 16 , χ 17 , and χ 18 , and the non-unipotent
Proof. First, the classes of involutions in the group are given in [40, Corollary 2] , and the orders of their centralizers can be obtained from [40, Theorem 2.1] . Taking the sum of the indices of these centralizers and adding 1 yields that the total number of involutions in 2 F 4 (q 2 ) is given by
The fact that the cuspidal unipotent character χ 21 satisfies ε(χ 21 ) = −1 is a result of Geck [18, Theorem 1.6], also given by Ohmori [38] . That the listed unipotent characters are not realvalued follows from the work of Malle, where these unipotent characters take non-real values on the unipotent classes listed as u 3 in [33, Tabelle 2]. The non-unipotent characters listed take non-real values, as computed in the paper of Himstedt and Huang [25, Table B .12], on the class listed as c 1,11 . The degrees of these non-unipotent characters are listed in [25, Table A .14].
The sum of all character degrees of 2 F 4 (q 2 ) may be computed using the data in [29] , and the result is listed in Table A. 2. From this, we subtract the degrees of the characters which are not real-valued, and we subtract twice the degree of the character χ 21 with Frobenius-Schur indicator −1. The result is precisely the number of involutions in the group, and so the claim follows by the Frobenius-Schur involution count.
We may also consider properties of the conjugacy classes of 2 F 4 (q 2 ) by using its generic character table in CHEVIE. This group has two classes of involutions, which are class type 2 and class type 3 in CHEVIE. By computing the class multiplication coefficients as in the proof of Proposition 3.1, we find that each of the conjugacy classes labeled as class types 7, 10, 11, and 15 is real but not strongly real. We thank Frank Himstedt for assistance in this calculation.
For the Tits group 2 F 4 (2) ′ , it can be checked using GAP [17] that there are 16 real-valued characters and 6 characters that are not real-valued. All of the real-valued characters have Frobenius-Schur indicator 1, and each of its real conjugacy classes is strongly real.
Automorphisms and unipotent characters
Let G be a connected reductive group over F p and let F be a Steinberg map for G. An automorphism σ of the algebraic group G which commutes with F is said to be defined over F . Then σ defines an automorphism of the finite group G F . We let Out(G, F ) denote the collection of all outer automorphisms of G which are defined over F .
Lemma 5.1. Let G be a connected reductive group over F p such that no two simple factors of G are isogenous, and such that G has no simple factor which is of type D 2n . Further, if p = 2 assume G has no simple factors of type C 2 or F 4 , and if p = 3 assume G has no simple factors of type G 2 . Let F be a Steinberg map for G, and σ ∈ Out(G, F ). If ψ is a unipotent character of G F , then σ ψ = ψ. , that σ ψ = ψ for every unipotent character of G F and every σ ∈ Out(G, F ). If G is simple of adjoint type, suppose now that σ is defined over F but inner, say defined by x ∈ G. Then for every g ∈ G, we have
Since G is of adjoint type, Z(G) = 1, and it follows that x ∈ G F . Thus σ ψ = ψ for every unipotent character ψ of G F when σ is an automorphism of G defined over F and G is a simple algebraic group of adjoint type.
Next assume that G is a connected reductive group of adjoint type, so that G is a direct product of simple algebraic groups of adjoint type, say G = i H i , and suppose σ is an automorphism of G which is defined over F . We also assume that no two
, and it follows that each H F i is σ-stable, and so we may view σ restricted to H i as an automorphism of H i defined over F . Each unipotent character ψ of G F is of the form i ψ i with ψ i a unipotent character of H F i (by [30, p. 28] , for example), and by the simple algebraic group case of adjoint type we have σ ψ i = ψ i . Since σ ψ = i σ ψ i , we have σ ψ = ψ. Finally we consider the case that G is a connected reductive group with no simple factor of type D 2n , none of type C 2 or F 4 if p = 2, none of type G 2 if p = 3, no isogenous pair of simple factors, and σ ∈ Out(G, F ). Consider the adjoint quotient map, which is an algebraic surjection φ : G → G ad with ker(φ) = Z(G). See [22, Section 1.5] for the definition and properties of the adjoint quotient map. Here G ad is a group of adjoint type, and so is a direct product of simple algebraic groups of adjoint type, where these simple factors are the adjoint types of the simple factors of G, and so with corresponding factors isogenous. Thus G ad has no pair of simple factors which are isogenous, and no simple factor of type D 2n , or of type C 2 or F 4 if p = 2, or of type G 2 if p = 3, since this holds for G. The adjoint quotient map φ also induces a Steinberg map on G ad , which we also call F , which commutes with φ. We may then define an automorphismσ of G ad , whereσ(g 0 ) = φ(σ(g)), where g ∈ G satisfies φ(g) = g 0 . Note that this makesσ well-defined since Z(G) = ker(φ), and σ(Z(G)) = Z(G). It follows that F commutes withσ on G ad , that is,σ is defined over F on G ad . From the previous case, if ψ 0 is a unipotent character of G F ad , thenσψ 0 = ψ 0 . Now consider a unipotent character ψ of G F . The adjoint quotient map φ induces a map from G F to G F ad which has image G 1 isomorphic to G F /Z(G F ). By a result of Lusztig [30, Proposition 3.15] , every unipotent character of G F is obtained by restricting a unipotent of G F ad to G 1 and factoring through the surjection from G F . That is, given unipotent ψ of G F , and g ∈ G F , there exists a unipotent character ψ 0 of G F ad and an element g 1 of G 1 such that φ(g) = g 1 and ψ(g) = ψ 0 (g 1 ). Then σ ψ(g) = ψ(σ(g)) = ψ 0 (σ(g 1 )) =σψ 0 (g 1 ) = ψ 0 (g 1 ), sincẽ σ ψ 0 = ψ 0 . Since ψ 0 (g 1 ) = ψ(g), we now have σ ψ = ψ as claimed.
Our main application of Lemma 5.1 will be in combination with the following result from [43, Theorem 4.1].
Theorem 5.1. Suppose that G is a connected reductive group with connected center and Frobenius map F , and χ ∈ Irr(G F ) with Jordan decomposition (s, ψ). Thenχ has Jordan decomposition (s −1 ,ψ). In particular, χ is real-valued if and only if s is conjugate to s −1 in G * F * , and if h ∈ G * F * is such that hsh −1 = s −1 , then h ψ =ψ.
We may now make the following observation, which is crucial in the proof of our main results in the next section.
Proof. We have s ∈ G * F * is a semisimple element which is real in G * F * , so let h ∈ G * F * be such that hsh −1 = s −1 . Since we assume that the center of G is connected, C G * (s) is a connected reductive group. We may then define an automorphism σ h on the connected reductive group C G * (s) by σ h (a) = hah −1 , and if s is not an involution, then σ h is an outer automorphism. Since h ∈ G * F * , σ h commutes with F * , that is, σ h ∈ Out(C G * (s), F * ). In particular, if C G * (s) has no two simple factors which are isogenous, no simple factor of type D 2n , none of type C 2 or F 4 if p = 2, and none of type G 2 if p = 3, then Lemma 5.1 applies to the automorphism σ h and so ψ is invariant under σ h . In this situation (or if s is an involution) it follows from Theorem 5.1 and Lemma 5.1 that χ is real-valued if and only if ψ is real-valued. 6 The groups E 7 (q) ad and E 8 (q)
In this section we give our main results for the exceptional groups E 7 (q) ad and E 8 (q). We begin by noticing that since −1 is in the Weyl group of type E 7 and type E 8 , by a result of Singh and Thakur [42, Theorem 2.3.1] every semisimple element s in each of the groups G F = E 7 (q) ad , E 7 (q) sc , or E 8 (q) is real in G F . It follows from Theorem 5.1 that for every irreducible character χ of G F the characters χ andχ are in the same Lusztig series E(G F , (s)).
The notation for the relevant unipotent characters of the groups in the results of this section is slightly adjusted from that of [4, pp. 483-488] for the sake of clarity. For example, instead of using the notation E 6 [θ 2 ], ǫ for the unipotent character in the last line of [4, p. 483], we will write E 6 [θ 2 , ǫ]. The structure of centralizers of semisimple elements in these results is given as a product of the simple factor types along with any central torus factor which occurs, where a polynomial in q denotes a torus of that order. We now give our results for the group E 7 (q) ad . Theorem 6.1. Let q be a prime power. The number of irreducible characters of the group G F = E 7 (q) ad which are not real-valued is 2q + 4 if q is even, and 2q + 8 if q is odd. These characters which are not real-valued are:
• When q is odd, the six unipotent characters above tensored with the linear character of order 2 of G F ;
• A conjugate pair of characters in each of 
q).(q + 1).
Moreover, every real-valued irreducible characters of G F has Frobenius-Schur indicator 1, that is, m R (χ) = 1 for all χ ∈ Irr(G F ).
Proof. We first explain why the list of characters are not real-valued. It follows from [18, , and so these unipotent characters of E 7 (q) ad are not real-valued. When q is odd, the derived subgroup of G F is the simple group E 7 (q), and is an index 2 subgroup of G F . Thus G F has a linear character λ of order 2 when q is odd. Tensoring the six unipotent characters which are not real-valued of G F with λ produces six distinct irreducible characters which are not unipotent by [10, Proposition 13.30(ii)], and does not change the field of values. Thus these six characters are also not real-valued when q is odd.
Next, it follows from [8, 15] that the group G * F * = E 7 (q) sc has
, and has 1 2 q (if q is even) or 1 2 (q − 1) (if q is odd) semisimple classes (s) such that C G * (s) F * is of type 2 E 6 (q).(q + 1). Since the central torus factor of these centralizers (cyclic of order q ± 1) has only the trivial character as a unipotent character, then as described in the proof of Lemma 5.1 above, the centralizer of type E 6 (q).(q − 1) has unipotent characters with the same character values as the cuspidal unipotent characters E 6 [θ] and E 6 [θ 2 ] of the E 6 (q) factor. These cuspidal unipotent characters of E 6 (q) are not real-valued by [18, We now prove that the remaining irreducible characters of E 7 (q) ad are real-valued, and they all have Frobenius-Schur indicator 1, using the method employed in Sections 3 and 4. The number of involutions in E 7 (q) ad may be computed in the case that q is even using [1] , and in the case that q is odd using any of [27, 8, 15] , and the classification of involutions is also nicely summarized in [3] . The number of involutions obtained as a polynomial in q is given in Table A. 3. The total character degree sum for E 7 (q) ad may be computed directly using the data of Lübeck [29] , and the result as a polynomial in q is given in Table A. 2. The degrees of the characters of E 7 (q) ad which are not real-valued may be obtained as follows. The degrees of the unipotent characters (and their tensors with the linear character of order 2) are given in [4, p. 483] or in [31] . As in Section 2.3, the degree of any character with Jordan decomposition (s, ψ) is [G * F * : C G * (s) F * ] p ′ ψ(1). The degrees ψ(1) of the relevant unipotent characters of E 6 (q) and 2 E 6 (q) are given in [4, pp. 480-481] . The resulting degrees of the characters of E 7 (q) ad which are not real-valued are given in Table A. 4. Summing these degrees with the number of involutions, whether q is even or odd, we obtain the total character degree sum, which implies the result by the Frobenius-Schur involution count.
The following is our result for the group E 8 (q). The strategy used is that in the proof of Theorem 6.1, although the list of characters which are not real-valued is significantly longer for E 8 (q), and so the description of these characters is given in the proof of Theorem 6.2 and in Table A .5. Theorem 6.2. Let q be a prime power. The number of irreducible characters of the group G F = E 8 (q) which are not real-valued is 2q 2 + 6q + 20 if q is a power of 2, 2q 2 + 6q + 22 if q is a power of 3, and 2q 2 + 6q + 24 otherwise. The description of these characters in terms of Jordan decomposition is given below and in Table A.5. In particular, every real-valued irreducible character of G F has Frobenius-Schur indicator 1, that is, m R (χ) = 1 for all χ ∈ Irr(G F ).
Proof. First, it follows from [18, Table 1 ] that the ten cuspidal unipotent characters
, and E 6 [θ 2 , φ 2,2 ] are Harish-Chandra induced from the non-real cuspidal unipotent characters
, and E 6 [θ 2 ] of the Levi components of types E 7 (q) and E 6 (q). As argued in the proof of Theorem 6.1, it follows from [18, Proposition 5.6] that these are not real-valued.
From [8, 16] , we see that G * F * = E 8 (q) has semisimple classes (s) such that C G * (s) F * is one of the following types:
The number of classes of each centralizer type depends on the residue class of q modulo 6, and is provided in [8, 16] or in Lübeck's data on centralizers of semisimple elements [28] , but can be inferred by dividing entries from the last five columns of Table A.5 by 2. In each of these cases, the central torus factor has only the trivial character as a unipotent character, and therefore, as in the proof of Lemma 5. 
are not real-valued, and are complex conjugate pairs (respectively) as (s) varies over these semisimple classes of G * F * .
Next, G * F * has semisimple classes (s) such that C G * (s) F * is one of the following types: E 7 (q).A 1 (q), E 6 (q).A 1 (q).(q − 1), or 2 E 6 (q).A 1 (q).(q + 1). As before, the number of classes of each centralizer type can be obtained by dividing entries of the last five columns of Table A.5 by 2. The central torus factor has only the trivial character as a unipotent character, and in addition to the trivial character, the A 1 (q) factor has a unipotent character ν of degree q (see [4, p. 465] ). Therefore, as in the proof of Lemma 5.1, C G * (s) F * has unipotent characters that have the same character values as
⊗ ν, and 2 E 6 [θ 2 ] ⊗ ν, none of which is real-valued. It follows from Lemma 5.2 that the characters of E 8 (q) with Jordan decomposition (s,
are not real-valued, and are complex conjugate pairs as (s) varies over these semisimple classes of G * F * .
Finally, when q ≡ 1, 4 mod 6, G * F * has a semisimple class (s) such that C G * (s) F * is of type E 6 (q).A 2 (q), and when q ≡ 2, 5 mod 6, G * F * has a semisimple class (s) such that C G * (s) F * is of type 2 E 6 (q). 2 A 2 (q). The A 2 (q) factor has unipotent characters of degree 1, q(q + 1), and q 3 , and the 2 A 2 (q) factor has unipotent characters of degree 1, q(q − 1), and q 3 (see [4, p. 465] ). Therefore, C G * (s)
], as well as the tensor product of these characters with the other unipotent characters of A 2 (q) or 2 A 2 (q), each of which are characters which are not real-valued. As above, the resulting six characters of E 8 (q) (provided q ≡ 3 mod 6) are not real-valued.
To complete the proof, we observe that the sum of the degrees of the aforementioned characters that are not real-valued, given in the fourth column of Table A .5, together with the number of involutions provided in Table A .3, is equal to the total sum of the degrees of all irreducible characters of E 8 (q), which is given in Table A. 2. From the Frobenius-Schur involution count, it follows that ε(χ) = 1 for all real-valued irreducible characters χ of E 8 (q). The total number of characters which are not real-valued is obtained by summing the entries in the last five columns of Table A.5.
Remarks on remaining cases
We expect that a statement similar to Theorem 6.1 holds for the simple group E 7 (q). If E 7 (q) sc is distinct from E 7 (q) ad (when q is odd), then for G F = E 7 (q) sc , the group G has disconnected center of order 2, and E 7 (q) is the quotient of E 7 (q) sc by its center. Then the results in Theorem 5.1 and Lemma 5.2 are not known to hold in this case, which is one obstruction. As mentioned in the Remark at the end of [43] , we also expect that Theorem 5.1 holds more generally than when Z(G) is connected, namely it should hold for Lusztig series in cases when C G * (s) is connected (while Z(G) is not necessarily connected). However, it seems that also E 7 (q) sc has characters which are not real-valued in Lusztig series in cases when C G * (s) is disconnected with two components, but more information on the action on Jordan decomposition in this case is needed. It appears from numerical investigation that for E 7 (q) sc with q odd that a real-valued character has Frobenius-Schur indicator 1 if and only if its central character is trivial. To prove this, one needs to show that the sum of the degrees of the real-valued irreducible characters of E 7 (q) sc is equal to the number of elements which square to the non-trivial central element. Once this result is proved, it will follow for the simple group E 7 (q) that every real-valued irreducible character of E 7 (q) will have Frobenius-Schur indicator 1, since E 7 (q) is a quotient of E 7 (q) sc by its center. We note that our results for E 7 (q) ad are not enough to draw these conclusions for the index 2 simple group E 7 (q), since we do not have enough information to rule out the possibility that an irreducible character of E 7 (q) ad which is not real-valued could restrict to E 7 (q) to give a character with a component with Frobenius-Schur indicator −1.
As in the beginning of the previous section, it is helpful that every semisimple class of the groups E 7 (q) sc , E 7 (q) ad , and E 8 (q) is real. This is not true in the groups E 6 (q) ad , E 6 (q) sc , 2 E 6 (q) ad , or 2 E 6 (q) sc . So a first necessary step in understanding these cases is to classify the semisimple classes in these groups which are real. Additionally, it appears that there are some real semsimple classes (s) of G * F * = E 6 (q) sc such that the Lusztig series E(G F , s) has characters which are not real-valued, while C G * (s) has a factor of type D 4 . In particular, as in [46, Lemma 1.64] there are unipotent characters of groups of type D 2n which are not invariant under the order 2 graph automorphism. Then our Lemma 5.2 does not apply, and one needs more specific information on the action of the inverting element of the real semisimple element s in order to apply Theorem 5.1 and prove specific characters are not real-valued. Also, in the cases that E 6 (q) sc has a center of order 3, there are Lusztig series such that C G * (s) is disconnected with 3 components. It seems plausible that the fact that the number of components is odd will be enough for the conclusions of Lemma 5.2 to still hold. Finally, it has been proved by Ohmori [37] that the group 2 E 6 (q) has at least two characters which have Frobenius-Schur indicator −1. It may be observed by its character table that the group 2 E 6 (2) has 3 irreducible characters with this property, and so we must also understand the total number of such characters in the general case. We hope to address all of these issues in a subsequent paper, and complete the problem of determining the Frobenius-Schur indicators of all irreducible characters of the finite exceptional groups.
A Tables
In Table A .1, we list some class multiplication coefficients for the group G 2 (q) where q is even or a power of 3, proving that every real class is strongly real. When q is even, G 2 (q) has two classes of involutions, labeled as class type 2 and class type 3 in CHEVIE, and two non-real classes, class type 12 and class type 13. When q is a power of 3, G 2 (q) has one class of involutions, class type 10, and two non-real classes, class type 8 and class type 9. To compute the class multiplication coefficient n 123 for the group G, where the conjugacy classes C 1 , C 2 , C 3 are labeled as class type i, class type j, class type k in CHEVIE, we use the sequence of commands > GenCharTab(G); > ClassMult(g,i,j,k);
As all class multiplication coefficients are positive for all relevant q in the second, third, and fifth columns, every real element is a product of two involutions when q is even or a power of 3. (3, 3, 20) q 2 +2 + q (10, 10, 20) (2, 3, 22) q + 1 q + 1 (10, 10, 22) q 2 + q (3, 3, 23) q 2 + 2q + 1 q 2 + 2q + 1 (10, 10, 23) q 2 − 2q + 1 (3, 3, 24) q 2 − 1 q 2 − 1 (10, 10, 24) q 2 − 1 (3, 3, 25) q 2 − 1 q 2 − 1 (10, 10, 25) q 2 − 1 (3, 3, 26) q 2 + q + 1 q 2 + q + 1 (10, 10, 26) q 2 + 2q + 1 (3, 3, 27) q 2 − q + 1 q 2 − q + 1 (10, 10, 27) q 2 + q + 1 (10, 10, 28) q 2 − q + 1
In Table A .2, the sums of the character degrees of the relevant exceptional groups are listed as polynomials in q. These are all computed directly from the data of Lübeck [29] . While the lists of character degrees given in [29] for E 7 (q) ad depend on q mod 12, and for E 8 (q) depend on q mod 60, the character degree sums depend only on the parity of q. In Table A .3, we list the number of involutions in each group as a polynomial in q. These can be computed when q is even using [1] , and when q is odd using [27] . These results are also summarized in [3] . Tables A.4 and A.5, we list the degrees of the non-real characters of the groups E 7 (q) ad and E 8 (q). We write these degrees in terms of the cyclotomic polynomials Φ n , defined recursively by Φ 1 = q − 1 and Φ n = q n − 1 i|n,1≤i<n Φ i .
As described in Section 6, these non-real characters χ have a Jordan decomposition (s, ψ), where ψ is a (non-real) character of C G * F * (s) for some semisimple s ∈ G * F * . In the first two columns, we list these centralizers and the p ′ -part of their index in G * F * . The structure of the centralizer in the first column is given in terms of the types of the simple algebraic group factors, along with any central torus factor, where a polynomial in q represents a torus of that order. In the third column, we list the degrees ψ(1), and as χ(1) = [G * F * : C G * F * (s)] p ′ ψ(1), we obtain the degrees χ(1) listed in the fourth column. In the remaining columns, we list the number of non-real characters of each degree, which depends on q.
Note that in Table A .5, while the number of non-real characters of each degree depends on q mod 6, the total number of non-real characters of E 8 (q) depends only on whether q is a power of 2, a power of 3, or a power of some other prime. Degree of non-real in E 8 (q)
